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Optimal Disturbances in Swirling Flows

Guy Ben-Dov,* Vladimir Levinski,” and Jacob Cohen*
Technion—Israel Institute of Technology, 32000 Haifa, Israel

The mechanism of optimal disturbances, which are composed of both growing and decaying modes, in swirling
flows (with an axial velocity component) is explored. Two characterizing cases are considered: stationary distur-
bances in rotating pipe flow and temporal disturbances in a trailing vortex. It is found that in both cases the
optimal transient growth amplification in short times or distances is much larger than the known exponential
mode amplification. Unlike the flow in a nonrotating pipe, in which the amplification is based on the existence of a
least stable pair of modes and the cancellation of their associated initial axial velocity components, when a rotation
is added to the flow the optimal amplification mechanism is based on the cancellation, at the initial state, of the
most unstable mode velocity components by many decaying modes. For the trailing vortex, the transient growth
mechanism seems to be based on the contribution of the continuous spectrum, and the optimal transient growth is
not significantly affected by the existence of swirl in the flow. Evidently, when the flow is unstable with respect to
discrete exponential modes, decaying modes still may have a substantial contribution for the linear stability of the
flow in short times or distances, assuming the existence of a particular initial disturbance.

Introduction

OR many years transition to turbulence has been studied by

considering only periodic disturbances that are modal in nature.
The study of algebraic growth of nonmodal disturbances in shear
flows has become of great interest during the past decade because
it was shown to be associated with bypass transition.

The significant algebraic growth, which can be achieved by the
nonmodal disturbances, raises the possibility that the transition of
certain types of shear flows that are linearly unstable due to an
exponential growth mechanism of a single mode may be actually
dominated by a multiple-mode mechanism. In this study, we in-
vestigate the possible growth of optimal nonmodal disturbances in
swirling flows (with an axial velocity component), as an example
for such type of flow.

The linear stability of swirling flows has been investigated since
the 1880s, when both Rayleigh and Kelvin studied various aspects
of the simplified inviscid stability problem. Since then, and in partic-
ular after the discovery of vortex breakdown phenomena on slender
wings at high angles of attack during wind-tunnel tests in the late
1950s, it has become a primary subject of research.

Many studies have been carried out in the field of hydrodynamic
stability of swirling flows, assuming small disturbances and colum-
nar base flow. Most of this work was summarized in the detailed
review paper by Ash and Khorrami.'! A major part of these classi-
cal reports were concerned with the temporal evolution of discrete
modes, including several stability criteria and circle theorems by
Howard and Gupta,” Leibovich and Stewartson,® and Barston.* In
many studies, the temporal stability of a trailing vortex (Batchelor
vortex) was investigated, including reports by Lessen et al.’ and
Mayer and Powell® for inviscid flow and reports by Lessen and
Paillet,” Khorrami,® and Mayer and Powell® for viscous flow. In
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these studies, discrete growing modes were found for various swirl
parameters in the inviscid case and for various combinations of
swirls and Reynolds numbers in the viscous case.

More recently, the absolute-convective inviscid instability of
columnar swirling flows was studied to map the unstable discrete
modes for various swirl parameters and to find critical points where
the flow becomes absolutely unstable. Delbende et al.® and Olen-
draru et al.'® carried out an absolute-convective analysis for the
trailing vortex, and Loiseleux et al.'' analyzed the Rankine vortex
with uniform axial flow.

To the best of our knowledge, all of the studies concerning the
linear stability of swirling flows with an axial velocity component
analyze discrete modes that exponentially grow in time and/or in
space. In this paper, we show that, when an initial disturbance is
assumed, a significant transient growth may be obtained in short
times (or distances). In fact, an optimal initial disturbance that yields
the maximum amplification of the disturbance energy density in
short times (or distances) can be found. Its energy growing rate is
orders of magnitude larger than the corresponding growing rate of
the most unstable discrete mode. In short times (or distances), such
optimal initial disturbances may trigger nonlinear mechanisms and
bypass the discrete mode exponential growth.

One of the first known reports demonstrating this kind of al-
gebraic growth is that by Elingsen and Palm,'> who considered a
three-dimensional inviscid linear disturbance for which the veloc-
ity was assumed to be uniform in the flow direction. Benney and
Gustavsson'® suggested that a three-dimensional viscous small dis-
turbance may produce a direct resonance, giving rise to a linear
growth in short times. The concept of direct resonance between
decaying modes lead to the investigation of a possible transient
growth due to the interaction between similar decaying modes of
a viscous disturbance. Henningson'* suggested that a significant
transient growth is achieved by the interference of many decaying
modes, when these modes are nonorthogonal and their eigenfunc-
tions are very close to be parallel. As the Reynolds number of the
flow is increased, the more parallel the eigenfunctions tend to be,
causing the amplification of the initial disturbance to be larger. A vast
bibliography on transient growth can be found in the Otto Laporte
Award Lecture by Reshotko!® and in the monograph by Schmid and
Henningson. !¢

Henningson'* and later Henningson et al.!” presented results for a
significant transient growth in channel flows, where a specific initial
condition was chosen. They found that a typical initial condition that
yields the most significant transient growth is the one having only
vertical velocity component and no vorticity. Similarly, for circular
pipe flow O’Sullivan and Breuer'® chose the initial disturbance to
have only radial velocity and no radial vorticity. The evolution of
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a three-dimensional disturbance can produce a significant vertical
vorticity, where the nonhomogeneous part of the vertical vorticity
equation yields a lift-up effect.

The transient growth mechanism strongly depends on the form
of the initial condition, and this fact naturally raises thoughts about
the possibility of optimizing the initial condition to give maximum
transient growth amplification. Gustavsson'® presented results for
transient growth in plane Poiseuille flow and suggested the distur-
bance kinetic energy density as a physical functional that is appro-
priate as a measure for the transient growth amplification. Butler
and Farrell® used a variational technique to calculate such op-
timal disturbances. Reddy and Henningson?! studied various as-
pects of the transient growth of the disturbance energy density in
channel flows, using energy methods and a direct numerical proce-
dure. Bergstrom?? considered optimal disturbances analysis in pipe
Poiseuille flow using the variational technique, whereas Schmid
and Henningson? used the direct numerical procedure proposed
by Reddy and Henningson?! for optimizing the initial disturbances
in the same type of flow. Reshotko and Tumin?* used this numer-
ical scheme to investigate optimal growth of spatial disturbances
in pipe flows. Unlike the temporal case, they had to exclude the
upstream eigenmodes in their analysis, following from the consid-
eration of the signaling problem (e.g., see Ashpis and Reshotko?).
Ben-Dov et al.?® showed that the most amplified optimal distur-
bances, in this case of nonrotating pipe flow, are dominated by a
pair of nearly parallel least stable modes (having opposite phases
and almost identical amplitude distributions). Accordingly, the time
and distance, at which the maximum energy amplification of an
initial disturbance is achieved, are well predicted analytically by
considering only the pair of least stable modes. Furthermore, the
dependence of the maximum energy amplification on the Reynolds
number matches previous numerical results based on the analysis
of many modes.

The purpose of the present work is to show that although expo-
nential modes exist in swirling shear flows, the transient growth of
certain disturbances may be orders of magnitude larger. The paper
begins with a short mathematical background of the initial value
problem and the optimal disturbances formulation in cylindrical
flows. Then results for two representative cases are presented: The
first case is concerned with spatial disturbances in a rotating pipe
flow, whereas the second case deals with temporal disturbances in
a trailing vortex.

Mathematical Background

Initial Value Problem

Our starting point for the analysis of small disturbances in cylin-
drical flow is the linearized Navier—Stokes equations for incom-
pressible flow in cylindrical coordinates. A columnar mean flow of
the form {U, V, W} = {0, V(r), W(r)} is assumed, where U, V,
and W are the mean flow radial, azimuthal, and axial velocity
components, respectively. The governing equations in this case
are
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where u, v, and w are the perturbation velocities in the radial r,
azimuthal 6, and axial z directions, respectively, and p is the pertur-
bation pressure. The preceding equations are nondimensionalized
by the mean flow characteristic radius R and the mean axial flow
characteristic velocity Wy. The corresponding Reynolds number is
Re=WyR /v, where v is the kinematic viscosity.

The solutions of Egs. (1-4) have the form of {u, v, w, p}=
{ii, 0, w, p}expli(az +nb — wt)], where i, v, W, and p depend on
the radius r only. The disturbance is assumed to be periodic in the
azimuthal direction, and therefore, the azimuthal wave number n
is an integer number. For spatial stability analysis, the axial wave
number « is complex and w is a real frequency (assuming periodic
disturbances in time), whereas for the temporal stability analysis «
is a real axial wave number (assuming periodic disturbances in the
axial direction) and w is a complex frequency.

Boundary conditions have to be imposed on i, ¥ and W to deter-
mine uniquely the solution. The boundary conditions on the center-
line (r = 0) can be derived using the fact that the velocity vector has
a vanishing azimuthal dependence as the centerline is approached.
(These conditions were first presented by Batchelor and Gill>’” and
later were used by Khorrami et al.,”® who applied spectral tech-
niques to calculate eigenmodes in swirling flows.) This requirement
yields the following boundary conditions for i, v, and w at r =0:

u,0=0, w finite for n=0
u+iv=0, 2d—uiid—v=0, w=0 for n==+l1
dr dr
u, 0, w=0 for |n|>1 (5)

For confined flows (pipe-type flows) boundary conditions are im-
posed on the solid wall at r =1 (normalized by the wall radius R).
The boundary conditions for a solid wall are given by the no-slip
assumption

u, v, w =20 at r=1 (6)

The boundary conditions (6), together with the boundary condi-
tions on the centerline and the set of equations, constitutes a Sturm—
Liouville eigenvalue problem for « (in the spatial case) or w (in the
temporal case). Therefore, in the case of confined flows, there is a
complete set of discrete eigenvalues (infinite series of values). The
complete solution of the disturbance is the sum of an infinite num-
ber of modes associated with these eigenvalues, where the modes
coefficients are determined by a given initial condition.

For nonconfined flows (jet-type flows) boundary conditions are
required as r — oo. When the mean flow velocity components as
r — oo are assumed to be

dw r
W — Wy, — =0, V=
dr r
dv |
—_—— - —, as r— 00 (@]
dr r?

where W, = W(r — o0) and I', is the mean flow circulation as
r — 00, the following asymptotic equation can be deduced:
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Equation (8) has six independent solutions. As r — 0o, asymptotic
solutions can be found by assuming an asymptotic series of the form

= 1
i = exp(Ar)r? § bi— 9)
I
k=0

This series was originally suggested by Lessen and Paillet’ for uti-
lizing a numerical procedure to find discrete modes in the trailing
vortex (Batchelor vortex). In the following paragraphs, we use this
series to obtain the form of the continuous spectrum in cylindrical
columnar flows.

When Eq. (9) is substituted into Eq. (8) and leading terms are
compared, the six eigenvalues of A are found to be A = + « and
A = £ u (twice). In general, o and p are complex. In the case where
both @ and p have a nonzero real part, three of the six values of
A are physical. In this case, discrete eigenvalues for « or w can be
found. However, if o or p are pure imaginary (0 =io or u=io,
where o is a real number) a continuous spectrum exists:
w/a=Ws —[i(c® +a?)/aRe],

0<o0 <00, Re(x) =0

10)

Note that the continuous spectrum does not depend on the azimuthal
mean velocity of the flow, that is, the continuous spectrum is formed
far enough away (theoretically where r tends to infinity), where the
mean flow swirl vanishes. In this case, for a given initial condition
the complete solution of the disturbance is a superposition of the
solution corresponding to the continuous spectrum and the solution
corresponding to a finite number of discrete eigenvalues.

Optimal Disturbances

The complete solution for the evolution of a linear disturbance
is obtained by solving the initial value problem. In the case of con-
fined flows, where an infinite series of discrete eigenvalues exists,
the most unstable mode governs the stability of the flow in long
times or distances. In nonconfined flows, the disturbance solution
corresponding to the continuous spectrum decays in long times (e.g.,
see Gustavsson??), and the flow stability, in long times or distances,
is again governed by the most unstable discrete mode.

However, in short times or distances, where the decaying modes
associated with the initial disturbance are still significant, the so-
Iution may yield a substantial transient growth. In confined flows
(pipe flows), the large transient growth is due to the nonorthogonal
eigenfunctions corresponding to the discrete eigenmodes, whereas
in nonconfined flows (jet/wake flows), the continuous spectrum
would give rise to the same effect: The continuous spectrum can
be approximately discretized by assuming a solid wall at a large
radius (theoretically at r — 00), where the mean flow is assumed to
be uniform.

The maximum disturbance growth can then be found by using
the disturbance kinetic energy density

1
E=/ (lu® + [ + [w[*)r dr an
0

for confined flows, where for nonconfined flows the upper bound of
the integral is replaced by co. The maximum disturbance amplifica-
tionis G = E/E,, where E| is the disturbance energy density at the
initial state. The optimal initial disturbance for which the maximum
amplification is attained can be found by the method described by
Schmid and Henningson.?*

Results
Stationary Disturbances in Rotating Pipe Flow

The rotating pipe nondimensional base flow is given by

U=0, V = Qr, W=1-r2 (12)
where the characteristic length R is the pipe radius, the characteristic

velocity W, is the axial velocity on the centerline, and €2 is the swirl

parameter defined as the ratio between the azimuthal mean velocity
on the pipe wall and the axial mean velocity on the centerline.

Unlike Poiseuille pipe flow, rotating pipe flow is characterized by
having discrete modes that may grow exponentially. Only a small
amount of rotation is required to produce growing discrete modes.
Mackrodt* showed the existence of growing modes for swirl values
around Q2”3 x 107 for Re = 10°. Thus, this type of flow is lin-
early unstable with respect to exponential modes. Nevertheless, in
the following paragraphs we attempt to explore the possibility that
optimal disturbances, which consist of both growing and decaying
modes, may yield a much larger growth in short times or distances.

The eigenvalues and corresponding eigenfunctions of the linear
problem are found by using a numerical method formulated in terms
of a Chebyshev collocation approximation, following the method of
Khorrami et al.?® In this case, 124 polynomials are used. From var-
ious tests it is evident that a much smaller number of polynomials
is sufficient to obtain accurate eigenvalues. (A detailed discussion
regarding the accuracy and precision of the numerical method is
given by Khorrami et al.,”® who used about 30—40 polynomials
and obtained more than 5-digit accuracy.) However, we chose to
increase the number of polynomials up to 124 to obtain smooth
eigenfunctions (which Khorrami et al.?® were not concerned about).
The optimal disturbances are found by the method used by Reshotko
and Tumin?* for Poiseuille pipe flow. The eigenvalue problem and
matrix decompositions are carried out using MATLAB®. The DM-
Suite routines by Weideman and Reddy®' are used to obtain the
Chebyshev differentiation matrices.

Axisymmetric disturbances (n=0), which do not grow expo-
nentially, produce very small amplification factors (less than 3) and,
therefore, are not significant from the transient growth mechanism
point of view. Azimuthal disturbances (n =1, 2, ...), on the other
hand, grow exponentially and may have larger growth rates in short
times or distances.

For moderate swirl values, the flow is unstable with respect to
convectively evolving disturbances, and therefore, spatial analysis
can be applied. Figure 1 shows the complex plane for the axial wave
number eigenvalues o for Re =3000, n =1, and for a frequency
range w = 0-0.8. (The limits of this range, w =0 and w = 0.8, for
each of the four curves, appear in Fig. 1 next to the endpoints and
are marked by the empty and filled-in circles, respectively.) The dif-
ferent lines denote different values of the swirl parameter 2. Trans-
forming the o plane to the physical one shows that the upper curves
correspond to the eigenvalues for which z > 0, whereas the lower
ones correspond to z < 0. For calculations of the transient growth
amplification, only the downstream evolving modes, z > 0, are to
be considered. Furthermore, for the swirl parameter of 2 =0.63,
the upper and lower curves almost coincide, almost creating a pinch
point (e.g., see Bers*?). Thus, for values of Q greater than ~0.63,
the flow becomes absolutely unstable.
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Fig. 1 Discrete modes in the complex axial wavenumber plane for fre-
quency range w =0-0.8 and various values of the swirl parameter 2;
Re =3000 and azimuthal wave number n=1: 0, w=0and e, w=0.8.
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Fig. 2 Amplification ratio Ag vs distance z for four different swirl
parameters 2; Re=3000,n=1, and w =0.

Amplification factors vs distance are found for a Reynolds number
Re =3000 and for various azimuthal wave numbers,n=1,2, ...,
frequencies w, and swirl parameters 2. As was stated earlier, expo-
nentially growing modes already exist for small values of 2. (For
Re =3000, growing discrete modes exist for € less than 0.05.)
Therefore, it is convenient to define the ratio between the optimal
amplification factor and the amplification factor of the most unstable
discrete mode:

G(Re,2,n,w,z=2¢)

Ar(Re, 2,n, w, = 13
(ke n o 0= G Remaoz=g O

where the discrete amplification factor is
Ga(2) = lexp(icg2)|®

and o, is the eigenvalue that has the largest negative imaginary part
for a given set of parameters Re, 2, n, and w.

For nonrotating pipe flow, stationary disturbances produce the
most significant transient growth, as presented by Reshotko and
Tumin,** and explained analytically by Ben-Dov et al.?¢ In rotating
pipe flow, stationary disturbances can produce substantial growth
factors in terms of the ratio A . Figure 2 shows the ratio A g vs the ax-
ial distance for four different swirl parameters €2, where Re = 3000
and n=1. It can be seen that a transient effect for Ay exists. In
particular, in short distances the optimal disturbance growth rate is
greater than the exponential growth of the discrete mode, whereas in
long distances A is constant, and therefore, the exponential growth
rate is the same as that of the discrete mode. Swirl value of Q2 ~ 0.5
yields the most significant ratio Ay, where the optimal disturbance
yields amplification factors of orders of magnitude larger than the
discrete amplification at the same distances.

Figure 3 shows the amplification ratio A for three different swirl
parameters €2 and three different azimuthal wave numbers n, where
Re =3000. Note that the swirl parameter corresponding to the pinch
point increases with n. (According to numerical calculations for
n =2, the pinch point occurs for 2 =0.83 and for n =3 it is for
©Q =0.98.) It can be seen that, for small values of €2, the transient
growth is dominated by the higher azimuthal wave numbers. As
Q is increased, effective transient growth is associated with lower
azimuthal wave numbers, and beyond a certain threshold of €2, the
azimuthal wave number n = 1 is the dominant one.

The results presented in Figs. 2 and 3 imply that in short dis-
tances decaying modes may contribute substantially to the growth
of linear disturbances. Figure 4 presents the optimal amplification
factor normalized by the most unstable mode amplification A vs
the number of modes involved in the analysis (for stationary spatial
modes with n=1 and = 0.5). It can be seen that in this case many
decaying modes are required to achieve the order of magnitude of
the maximum transient growth. To achieve an accurate convergence,
more than 200 decaying modes are involved in the analysis.
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Fig. 3 Amplification ratio Ag vs distance z for three different swirl
parameters €2 and three different azimuthal wave numbers n; Re = 3000
and w=0.

max(G/Gd)

! 1 !
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Fig. 4 Maximum amplification ratio curve, Ag,. vs number of least
stable modes involved in the analysis; Re =3000,72 =1,w =0,and Q2 =0.5.

In the rotating pipe flow, the optimal disturbance is different in
nature from the one in the nonrotating pipe case, which was shown
by Ben-Dov et al.?® to be governed by a pair-mode mechanism.
They showed that the amplification in the nonrotating pipe case is
mostly due to the existence of a pair of least stable modes, hav-
ing almost the same axial amplitude distribution (with negligible
radial and azimuthal components) but opposite phase. The distur-
bance growth in this case is a result of their cancellation at the initial
state. However, in the present case of rotating pipe flow, the initial
disturbance is dominated by the most unstable mode, and many de-
caying modes are required to cancel its amplitude distribution at the
initial state. Figures Sa—5c present the velocity distribution of the
most unstable mode (dashed curves), the sum of many least stable
modes, where the most unstable one is excluded (dotted curves), and
the sum of all modes (solid curves), which yield maximum ampli-
fication. (For visualization purposes, Figs. 5d—5f show the optimal
disturbance distribution in a larger scale.) The initial disturbance in
this case corresponds to the parameters Re =3000, n =1, w =0,
and 2 =0.5, and it is optimized to yield maximum energy amplifi-
cation at a distance z,,,x = 35, which is the distance corresponding
to the maximum of Agx =G/G, in Figs. 2 and 3. Evidently, the
sum of many decaying modes yields a velocity distribution that is
almost parallel to the distribution of the most unstable mode, that is,
the most unstable mode has almost the same amplitude distribution
but opposite phase compared to the sum of the rest of the modes.
Thus, the optimal disturbance energy density is very small at the
initial state, and as the disturbance evolves downstream, the most
unstable mode becomes dominant, whereas all other modes become
negligible.
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Fig. 5 Rotating pipe flow; Re=3000, n=1, w=0, and 2=0.5: —,
initial velocity distribution of optimal disturbance along pipe radius;
———, most unstable mode only; and ...., optimal disturbance where
most unstable mode is excluded.

a)

b)
Fig. 6 Initial vector flowfield in the (r, 6) plane for optimal distur-
bance in rotating and nonrotating pipe flow; Re =3000,2 =1, and w =0:

a) rotating pipe flow with £2=0.5 and b) nonrotating pipe flow (from
Ben-Dov et al.26),

In Fig. 6 we compare the initial disturbance in the (r, 0) plane
for the rotating flow (the same initial disturbance as in Figs. 5a—
5f) and the nonrotating flow (from Ben-Dov et al.”®). Clearly, the
optimal initial disturbance has a different structure in each case: In
the nonrotating pipe flow, there is a pair of counter-rotating vortices
near the centerline, whereas in the rotating pipe there is a spiral flow
with a significant radial velocity component. From Figs. 5a—5f we
can also notice that the azimuthal and the axial velocity components

140
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Energy Amplification

40

Fig. 7 Optimal amplification and discrete amplification vs swirl pa-
rameter €2 in 5 radii distance (z =5) downstream of disturbance initia-
tion position; Re =3000,n =1, and w =0.

contribute similarly to the amplification (and even the contribution
of the radial component is not negligible), whereas in the nonrotating
pipe flow it was shown that at the initial state the axial velocity is
dominant.

Figure 7 shows the maximum optimal amplification G and the
discrete amplification G, vs the swirl parameter €2 in a distance z
of 5 radii downstream of the disturbance initiation position, where
w=0, n=1, and Re =3000. Note, again, that in a short distance
the optimal amplification may be orders of magnitude larger than the
discrete amplification. Furthermore, the swirl value €2, for which the
amplification is the largest, is different from the value corresponding
to the maximum amplification of the most amplified discrete mode.

For high values of the swirl parameters €2 (where the flow may be
absolutely unstable), it is known that discrete modes become more
stable. The optimal disturbances growth in this case is also reduced.
In this respect, it is important to mention the work by Pedley,** who
used asymptotic analysis to examine the linear stability of rapidly
rotating pipe flow and found approximate solutions that are Bessel
functions. Thus, for high values of €2, the eigenmodes are approx-
imately a family of orthogonal eigenfunctions and, therefore, can
not contribute to the transient effect by an interference mechanism.

Temporal Disturbances in a Trailing Vortex

An important class of three-dimensional longitudinal vortices is
the trailing vortex. Batchelor** presented a similarity solution, which
for this type of flow is valid sufficiently far downstream of a wing
trailing edge. Following the formulation of Lessen et al.,’ the non-
dimensional base flow in this case can be written as

V=(q/r)(l—e"),
The characteristic radius and velocity are
R =+/4vz/ Wy

Wo = (T2, /8vZ) la(Waoz/v) — (LWZ, /807) (15)

U =0, W=Wete (14)

where W, and I', are the dimensional velocity and circulation as
r — 00, respectively, z is the dimensional coordinate downstream
of the trailing edge, and L is a constant having the dimensions of an
area. The swirl parameter ¢ is defined as

g =To/WoR (16)

Lessen et al.’ and Leibovich® argued that translation and inver-
sion of the axial velocity component of the base flow only affects
the frequency of the disturbance, whereas the growth rate remains
unchanged. (The frequency has a constant shift.) Therefore, it is
convenient to choose W, =0 in Eq. (14) for our analysis.

As was shown by Lessen et al.,’ in the trailing vortex case expo-
nential growing modes exist for swirl values of ¢ < 1.5. The Gaus-
sian profile of the axial flow in Eq. (14) is known to be unstable
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Fig. 8 Eigenvalue spectra in complex frequency plane for the swirl
parameter ¢=0.2 and the axial wave number a=0.2; Re=3000 and
n=-—1.

for modes with azimuthal wave numbers n = =£1. With the addition
of swirl, the modes for which n < 0 become highly unstable, with
growing rates increasing as —n is increased. In the following para-
graphs, we restrict our analysis to the case of n = —1, in which the
flow is most unstable for moderate values of g.

The numerical procedure in this case was the same as in the pre-
ceding subsection. However, in this case, the eigenvalues consist
of both discrete and continuous spectra. The temporal eigenvalues
were found by using the Chebyshev collocation method as described
by Khorrami et al.® The number of polynomial used in the analysis
was 124, and the outer boundary was chosen sufficiently far from
the centerline. Results from numerical tests showed that a distance
of 120R ensures sufficient convergence. (Khorrami et al.?® reported
that, for a very moderate number of polynomials, the distance of
100R was sufficient and the desired eigenvalues had already con-
verged to four or five significant digits.) Figure 8 presents the least
stable modes (for which the growth rate is greater than —0.5) in the
complex frequency plane for Re =3000, ¢ =0.2, and axial wave
number « =0.2. Notice that exponential growing modes exist in this
case (values for which Im(w) > 0). Moreover, approximated decay-
ing modes along the imaginary axis, which represent the continuous
spectrum in Eq. (10), can be clearly seen. These modes should be
along the line Re(w) =0, and the deviation from this line illustrates
the accuracy of the continuous spectrum approximation. This result
is similar to the result presented by Tumin and Reshotko® in the
case of the continuous spectrum in boundary layers. In both cases,
various tests verified that the energy growth is converged within this
accuracy of the continuous spectrum.

The optimization method is applied for the complete eigenvalues
spectrum (where highly decaying modes are neglected). Amplifi-
cation factors vs time are found for a Reynolds number Re = 3000
and azimuthal wave number n = —1, in a wide range of axial wave
numbers, o = 0-2.5, for swirl parameters ¢ in the range 0-0.7.

Figure 9 presents the optimal amplification G and the most un-
stable exponential mode amplification G, vs the axial wave number
« in a short time of ¢ = 10 (nondimensionalized by R/ W), for four
different values of the swirl parameter g. It is shown that for low
values of ¢ the maximum amplification of the optimal disturbance
G takes place for higher values of o compared to the discrete mode
amplification G,. As ¢ is increased from 0 to 0.6, the maxima of
the two curves, with respect to «, tend to coincide. Nevertheless, the
optimal amplification is shown to be much greater than the expo-
nential amplification. Note that for low values of swirl (¢ =0.2 in
Fig. 9) the optimal amplification is much more significant compared
to the exponential one (about one order of magnitude difference).

Figure 10 presents the maximum optimal amplification G,
that is, the maximum of the curves in Fig. 9, and the maximum
exponential amplification Gy max at =10 vs the swirl parameter

100

Energy Amplification

Fig. 9 Optimal amplification and discrete amplification vs axial wave
number « att =10, for four different values of the swirl parameter ¢ =0,
0.2, 0.4, and 0.6; Re =3000 and n=—1.
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Fig. 10 Maximum optimal amplification and maximum discrete am-
plification vs swirl parameter g at t=10; Re =3000 and n = —1.

q, where Re =3000 and n = —1. It can be seen that the optimal
amplification is larger than the exponential one. Also note that the
swirl value for which the larger optimal amplification is reached is
different from the exponential one.

The initial disturbance, which yields the maximum energy am-
plification, has a similar structure to the optimal initial disturbance
in the rotating pipe flow. Figure 11 presents the velocity distribu-
tion of the optimal initial disturbance for the parameters Re = 3000,
n=—1,a=1, and ¢ =0.35. This case corresponds to the optimal
amplification that is achieved at the time ¢ =10. It can be seen
that the initial disturbance is concentrated near the centerline in the
vicinity of about one radius from the axis. For r > 1, the velocity
decays rapidly. In Fig. 12, the (r, ) plane of this initial disturbance
is presented for the range r = 0-5. The disturbance structure seems
to have a spiral structure with a significant radial velocity, similar
to the structure in the rotating pipe case.

The optimal initial disturbance structure in this case is clearly
similar to the one found in the rotating pipe flow. Nevertheless, un-
like the rotating pipe flow, in this case the most unstable mode does
not play an important role in the optimal growth mechanism; its ve-
locity components are the same order of magnitude as the optimal
initial disturbance. In this case, the continuous spectrum contributes
mostly to the optimal transient growth. The existence of swirl in the
flow does not have a significant effect on the maximum optimal
transient growth, whereas the maximum exponential growth is in-
creased significantly when a swirl is added to the flow. In Fig. 9, a
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Fig. 11 Initial velocity distribution of trailing vortex optimal distur-
bance along pipe radius, where maximum amplification is at #=10;
Re=3000,n=—1, =1, and g =0.35.

Fig. 12 Initial vector flowfield in (r, 8) plane for optimal disturbance
in the trailing vortex for range r = 0—5, where maximum amplification
isat£=10; Re=3000,n=—1, =1, and ¢=0.35.

comparison between the swirling cases, ¢ =0.2, 0.4, and 0.6, and
the nonswirling case, ¢ = 0, demonstrates this argument. This obser-
vation is not surprising because, as was pointed out in the preceding
section, the continuous spectrum dispersion has no dependence on
the mean flow swirl.

Conclusions

The spatial theory of optimal disturbances is applied to rotating
pipe flow, in which unstable modes, having exponential growth, ex-
ist. It is found that stationary disturbances may yield amplifications
of the initial disturbances that are orders of magnitude higher than
the amplifications of the most unstable mode only. Furthermore, the
maximum growth is achieved by including many decaying modes,
in addition to the growing ones. The sum of many decaying modes
is needed to cancel the initial velocity distribution of the most un-
stable mode. Thus, this scenario is different from the mechanism
of optimal disturbances in nonrotating pipe flow, where the axial
velocity distributions of the pair of least stable modes are canceling
each other at the initial state (as explained in detail by Ben-Dov
et al.?®). The structure of the initial optimal disturbance also has a
different nature when the pipe flow is rotated; unlike the structure
of two counter-rotating vortices in the pipe flow case, in the rotat-
ing pipe case the disturbance flow is spiral with an outward radial
component.

The temporal analysis of optimal disturbances is applied to the
trailing vortex base flow. In this case, it is found that the continuous

spectrum, which decays over long times, may have an important
contribution in short times, when an initial disturbance is assumed.
In this case, the optimal initial disturbance has a similar structure
to the structure of rotating pipe flow. However, in this case it seems
that the transient growth mechanism is not affected significantly by
the addition of swirl to the flow.

In both the cases of the rotating pipe and the trailing vortex, it is
shown that for a given set of parameters (Reynolds number Re and
o or o) the maximum amplification occurs for different values of
the swirl parameter compared to those found for the amplification
of normal modes.

Evidently, when the flow is unstable with respect to discrete ex-
ponential modes, decaying modes still may make a substantial con-
tribution to the linear stability of the flow in short times or distances,
assuming the existence of a particular initial disturbance. Note that
a linearly unstable flow, which seems to be governed by an expo-
nential growth mechanism of a single mode only, may be actually
governed by a multiple-mode mechanism, when a certain initial
disturbance is assumed to exist.
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